Abstract-Long quasi-cyclic codes of any fixed index > 1 have been shown to be asymptotically good, depending on Artin primitive root conjecture in (A. Alahmadi, C. Güneri, H. Shoaib, P. Solé, 2017). We use this recent result to construct good long additive cyclic codes on any extension of fixed degree of the base field. Similarly selfdual double circulant codes, and self-dual four circulant codes, have been shown to be good, also depending on Artin primitive root conjecture in (A. Alahmadi, F. Ozdemir, P. Solé, 2017) and ( M. Shi, H. Zhu, P. Solé, 2017) respectively. Building on these recent results, we can show that long cyclic codes are good over Fq, for many classes of q's. This is a partial solution to a fifty year old open problem.
I. INTRODUCTION

D
Etermining if long cyclic codes are good is a halfcentury old open problem [3, 13] . In contrast, quasi-cyclic codes of index > 1 (the notion of index is to be defined below) have been known to be good since the 1960's [7] . This dichotomy can be explained intuitively by the rarity of cyclic codes of given length, which precludes the use of random coding arguments. Thus, long binary quasi-cyclic codes of index 2 were shown to be good in [7] . This was extended to any finite field, and refined to self-dual codes in [2] . The result was further extended to any index in [1] .
In the present note, we bridge the gap between cyclic codes and quasi-cyclic codes by establishing a map between the two. First, we show that additive cyclic codes over field extensions, a superclass of cyclic codes, are good, by deriving a modified GilbertVarshamov bound for them. Additive cyclic codes are motivated by the construction of quantum errorcorrecting codes [5, 6] , and enjoy a structure theory similar to that of cyclic codes [4] . We build on a natural map between quasi-cyclic codes of index ℓ over F q , and additive cyclic codes over F q ℓ . This map was exploited in [15] in the reverse direction to construct quasi-cyclic codes from cyclic codes. Note that the connection with additive cyclic codes has already been observed in [14] . Combining this last observation with the existence result of [1] , we can show that additive cyclic codes over alphabets of non-square order are good.
In a second stage, we show, by using an alternative map between quasi-cyclic codes and 2-D cyclic codes that cyclic codes can be constructed, provided the quasi-cyclic code has some extra symmetry provided by self-duality. Using this technique with random double circulant codes, and random four-circulant codes, we can prove that good long cyclic codes over F q exist for all q even, all q = p a with p a prime ≡ 1 (mod 4), and all q = p 2 a (2b+1) with a > 0, and p a prime ≡ 3 (mod 4). The only missing finite fields are F q when q is an odd power of the field characteristic, and that characteristic is ≡ 3 (mod 4). We thus provide a partial solution to a fifty year old open problem.
The material is organized as follows. Section II collects standard notation and notions on codes and asymptotics. Section III studies the said map and uses it to construct long additive cyclic codes in Theorem III.4. Section IV constructs good long cyclic codes. Section V concludes this note and sketches some open problems.
II. DEFINITIONS AND NOTATION
Let q be a prime power, and F q denote the finite field of order q. By a code of length n over F q , we shall mean a proper subset of F n q . This code is linear if it is a F q -vector subspace of F n q . The dimension of a code C, denoted by k, is equal to its dimension as a vector space. Its (minimum) distance, denoted by d or d(C), is defined as the minimum Hamming weight of its nonzero elements. The Hamming weight of x ∈ F n q , denoted by w(x), is the number of indices i where i = 0. The three parameters of a code are written compactly as [n, k, d]. We extend this notation to a possibly nonlinear code C ⊆ F n q , by letting then k = log q (|C|), and letting d being the minimum pairwise distance between two nonzero codewords. If C(n) is a family of codes of parameters [n, k n , d n ], the rate r and relative distance δ are defined as r = lim sup n→∞ k n n ,
A family of codes is said to be good iff rδ > 0.
Recall that the q-ary entropy function H q (.) is defined for 0 < y < q−1 q by H q (y) = y log q (q−1)−y log q (y)−(1−y) log q (1−y).
We define the shift map T from F n q to F n q
The smallest ℓ with that property is called the index of C. For simplicity we assume that n = ℓm for some integer m, sometimes called the coindex. The special case ℓ = 1 gives the more familiar class of cyclic codes. The class of quasi-cyclic codes, which contains the cyclic codes as a subclass, forms an important class of linear codes [7, 11] .
By additive cyclic code over F q ℓ , we shall mean an F q -linear code over the alphabet F q ℓ that is invariant under the shift T. See [4] [5] [6] for background material on this important family of codes.
III. FROM QUASI-CYCLIC CODES TO ADDITIVE CYCLIC CODES
Let m be a positive integer satisfying gcd(m, q) = 1.
as the ring of polynomials in the indeterminate x over F q . Consider the ring R(m, q) =
Thus cyclic codes of length m over F q are ideals in that ring via the polynomial representation. Similarly QC codes of index ℓ and co-index m are R(m, q) modules [11] . In the language of polynomials, a codeword of an ℓ-quasi-cyclic code can be written
ℓ . Given a basis B = {e 0 , e 1 , · · · , e ℓ−1 } of F q ℓ over F q we can define the following map
The inverse map was used in [15] to define a special class of quasi-cyclic codes from cyclic codes over F q ℓ .
In the present paper, we will use this map to construct additive cyclic codes over F q ℓ , from quasi-cyclic codes of index ℓ over F q . The following result is trivial but essential, and was observed in [14] .
Proof. The map φ B being F q -linear, if C is F qlinear, so is φ B (C). Since C is is invariant under multiplication by x, so is φ B (C).
Remark: The codes in the image of φ B need not be F q ℓ -linear in general. For instance, it is not the case if the dimension k of C over F q , is not a multiple of ℓ 
We will require a lemma on quasi-cyclic codes. The proof is omitted. Note that, by the theory of cyclotomic cosets, there are infinitely many n's satisfying the hypothesis of Lemma III.3 iff there are infinitely many n's such that q is primitive modulo n. This latter condition is known as Artin conjecture and has been proved by Hooley under GRH [8] when q is not a perfect square (if q is a square, it is never primitive for p > 2, since q (p−1)/2 ≡ 1 (mod p), for all odd primes p).
We are now in a position to state and prove the main result of this section.
Theorem III.4. Let q be a prime power that is not a square. There are infinite families of additive cyclic codes of length m → ∞ over F q ℓ of rate 1/ℓ and relative distance
Proof. First, we invoke Lemma III.3, and Artin conjecture to construct an infinite family of quasi-cyclic codes of index ℓ and relative distance δ ′ such that
Next, we observe, by Lemma III.2, that there is then an infinite family of additive cyclic codes (by Theorem III.1) that satisfies δ ′ ≤ ℓδ.
The result follows then by eliminating δ ′ between these two inequalities.
IV. FROM QUASI-CYCLIC CODES TO CYCLIC CODES
A. q even
Consider the ring
.
The ideals of that ring are usually called 2-D cyclic codes [10] . A foklore theorem is Proposition IV.1. If (m, ℓ) = 1, then R(m, ℓ; q) ∼ = R(mℓ; q).
Proof. A simple consequence of the CRT on integers applied to the exponents of monomials in x and y. Cf.
[12, Th. 1, p.570].
Define the map
This map is not, in general, a ring morphism, as the stability under multiplication by y is not guaranteed. It preserves, however, the rate and relative distance. We can now state and prove an important consequence.
Corollary 1. If q is even, but not a square then there are good infinite families of cyclic codes over F q .
Proof. If q is not a square, under Artin conjecture, we can construct an infinite family of good 2-D cyclic codes by applying Theorem IV.2 to a code C constructed in [2, Th. 7] . By Theorem IV.1 with m odd and ℓ = 2, this 2-D cyclic code is in fact cyclic of length 2m over F q .
This result can be extended easily to all even prime powers q. Proof. If q is not a square, we can apply the preceding Corollary. If q = 2 2 a (2b+1) , with a, b integers, then let s = 2 2b+1 . Thus F s is a subfield of F q . Since s is not a square we can, by the preceding Corollary, construct cyclic codes of rate R and relative distance ∆ over F s , with R∆ > 0. Viewed as codes over F q , these codes form a family of cyclic codes of rate r = R, and with the same relative distance. The result follows.
Proof. Because C is 2-QC, we have xΨ m,4 (C) = Ψ m,4 (xC)
Remark: If C is an infinite family of rate R and ∆, then Ψ m,4 (C) has rate r = R/2, and relative distance δ = ∆. We can now state and prove the main result of this subsubsection. Proof. If q is not a square, under Artin conjecture, we can construct an infinite family of good 2-D cyclic codes by applying Theorem IV.4 to a code C constructed in [2, Th. 7] . This requires −1 to be square of F q [11] . This implies, since q cannot be a square, that it is an odd power of a prime ≡ 1 (mod 4). By Theorem IV.1 with m odd and ℓ = 4, this 2-D cyclic code is in fact cyclic of length 4m over F q .
This can be extended slightly.
Theorem IV.5. If q = p c , with p a prime ≡ 1 (mod 4), then there are good infinite families of cyclic codes over F q .
Proof. If c is odd we apply the preceding Corollary. If c = 2 a (2b + 1), we apply this Corollary to the field of order p 2b+1 , and use the same technique as in the proof of Theorem IV.3.
2) p ≡ 3 (mod 4): We call four-circulant codes the linear codes with generator matrices
where I n is the identity matrix of order n, the circulant matrices A, B have size n over F q , and the exponent "t" denotes transposition. Such a code is 4-QC, of coindex n and parameters [4n, 2n] over F q . Define the following [2n, n] code C over F q 2 = F q (α) by
This code is 2-QC. If C is self-dual then C has the extra symmetry 
2 . For symmetry reasons, let
. We can state the analogue of Theorem IV.4. The proof is similar and is omitted.
is an ideal of R(m, 4; q 2 ). We arrive now at the main result of this subsubsection. Proof. Since p c is not a square, under Artin conjecture, we can construct an infinite family of good 2-D cyclic codes over F q , by applying Theorem IV.6 to a self-dual four-circulant code C over F p c constructed in [16] . By Theorem IV.1 with m odd and ℓ = 4, this 2-D cyclic code is in fact cyclic of length 4m over F q .
This can be extended slightly, using the same subfield technique as in the proof of Theorem IV.5. 
V. CONCLUSION AND OPEN PROBLEMS
In this note, we have shown that long additive cyclic codes over an extension field are good. This result, which is relevant to quantum coding theory, is of independent interest. The codes constructed in Theorem III.4 are not always cyclic, as observed after the proof. It is an open problem, of interest in its own right, to determine which QC codes give cyclic codes by the map φ B .
More importantly, by using self-dual double circulant and four-circulant codes, we can show the existence of long cyclic codes over finite fields F q for many classes of q's. This constitutes a partial solution to a fifty year old open problem [13] . The only case left open is when q = p 2b+1 , with p a prime ≡ 3 (mod 4).
It is a worthwhile project to extend this result to other families of algebraic codes, negacyclic codes, or constacyclic codes for instance.
We have used random quasi-cyclic codes to produce additive cyclic codes by the map φ B , or cyclic codes by the map Ψ m,ℓ . It is conceivable that there exist QC codes better than Varshamov-Gilbert bound, which, in turn, after taking image by these maps, could provide long additive cyclic codes with a better relative distance.
